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13 Smooth manifolds vs differential triads
M. Fragoulopoulou and M. H. Papatriantafillou
Dedicated to Professor Serban Stratila, on the occasion of his seventieth birthday
Abstract
We consider differentiable maps in the setting of Abstract Differential Geometry
and we study the conditions that ensure the uniqueness of differentials in this
setting. In particular, we prove that smooth maps between smooth manifolds
admit a unique differential, coinciding with the usual one. Thus smooth manifolds
form a full subcategory of the category of differential triads, a result with physical
implications.
1 Introduction
Circa 1990 A. Mallios used sheaf–theoretic methods to extend the mechanism of the
classical differential geometry (CDG) of smooth manifolds to spaces, which do not
admit the usual smooth structure (: smooth atlas); see [5, 6]. In this new setting of
abstract differential geometry (ADG) a large number of notions and results of CDG
have already been extended ([7, 25]), becoming at the same time applicable to spaces
with singularities and to quantum physics (see for instance, [10, 11, 13, 14]).
In ADG, the ordinary structure sheaf of smooth functions is replaced by a sheaf
of abstract algebras A, admitting a differential ∂ (in the algebraic sense), which takes
values in an A−module Ω. A triplet (A, ∂,Ω) like that is called a differential triad.
Suitably defined morphisms organize the differential triads into a category denoted by
DT ([17]). Every smooth manifold defines a differential triad and every smooth map
between manifolds defines a morphism of the respective differential triads, so that the
category Man of smooth manifolds is embedded in DT (ibid.).
In the present paper we study the conditions assuring that a morphism in DT
over a differentiable (in the abstract sense) map is uniquely determined, a situation
analogous to the classical “uniqueness of differentials”. Especially we prove that a
continuous map between manifolds, which is differentiable in DT , is also smooth in the
usual sense, and its abstract differential coincides with the ordinary one (Theorem 4.5).
This result makes differentials of maps between manifolds unique in both the abstract
and the classical setting, while Man becomes a full subcategory of DT (Theorem 4.6).
As a consequence, we have that phenomena described via CDG, have exactly the
same interpretation in the more general setting of ADG.
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2 Preliminaries
For the terminology applied the reader is mainly referred to [5]. However, for the
reader’s convenience, we recall the basic notions we use throughout the paper as those
of differential triads and of their morphisms; we also give a brief account of the way they
form a category. Note that a smooth manifold will always be considered finite dimen-
sional and 2nd countable. Moreover, all algebras considered are unital, commutative,
associative and over the field C of complex numbers; their units are denoted by 1.
2.1 Definition ([7]). Let X be a topological space. A differential triad over X is a
triplet δ = (A, ∂,Ω), where A is a sheaf of algebras over X, Ω is an A−module and
∂ : A → Ω is a Leibniz morphism, i.e., a C−linear sheaf morphism, that satisfies the
Leibniz condition:
∂(αβ) = α∂(β) + β∂(α), (α, β) ∈ A×X A,
where “×X” means fiber product over X.
2.2 Examples. (1) Smooth manifolds. Every smooth manifold X defines a differ-
ential triad
(2.1) δ∞X = (C
∞
X , dX ,Ω
1
X).
In this respect, C∞X is the structure sheaf of germs of smooth C–valued functions on
X; Ω1X is the sheaf of germs of its smooth C–valued 1–forms, namely, it consists of
the smooth sections of the complexification of the cotangent bundle; and, dX is the
sheafification of the usual differential. For details we refer to [7, Vol. II, p. 9]. We shall
call (2.1) the smooth differential triad of X.
Apart of the smooth differential triads over manifolds, the above abstraction in-
cludes also includes differential triads on arbitrary topological spaces. We give a brief
account of some basic examples. Details are found in [20].
(2) Projective limits of manifolds. It is known that the projective limit of a pro-
jective system of manifolds is not necessarily a manifold. M.E. Verona [26] introduced
a class of functions on such limits and defined a differential on these functions, in order
to apply differential geometric considerations to the limits. Verona’s construction is a
(real) differential triad.
(3) Sheafification of Ka¨hler’s differential. Assume that A is a unital, commuta-
tive and associative C-algebra. We denote by µ the algebra multiplication, by φ the
canonical bilinear map φ(x, y) = x⊗ y and by m the linear map that corresponds to µ,
that is,
(m ◦ φ)(x, y) = m(x⊗ y) = µ(x, y) = xy,
for every (x, y) ∈ A×A; we also set I := kerm. Then I is an ideal of A⊗C A and the
map
δA : A −→ I/I
2 : x 7−→ (x⊗ 1− 1⊗ x) + I2.
is a derivation (: Ka¨hler’s differential) ([1, A.III. p.132]).
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Let now (AU , r
U
V ) be a presheaf of algebras of the above type over an arbitrary
topological space X, generating a sheaf A. Then the family (AU ⊗C AU ) generates
A ⊗C A. The respective families of maps (µU ), (φU ) and (mU ) are compatible with
the presheaf restrictions, hence the family of kernels (IU := kermU ) is a presheaf of
A(U)–submodules of (AU ⊗C AU ) generating a sheaf I. Besides, δA = (δAU ) is proved
to be a presheaf morphism whose factors are derivations. According to our definition,
the triplet (A, δA,I/I
2) is a differential triad, called the sheafification of Ka¨hler’s
differential.
(4) Differential spaces. Differential spaces and the subsequent differential-geometric
concepts on them have been introduced by R. Sikorski ([22, 23]). Their sheaf-theoretic
generalization, due to M. A. Mostow ([15]), defines a differential triad.
(5) Differentiable spaces. Here by “differentiable spaces” we refer to Spallek’s ∞-
standard differential spaces (see, for instance, [24]), described below: An R-algebra A
is a differentiable algebra, if there is some n ∈ N and some closed ideal a of C∞(Rn),
so that A is (algebraically) isomorphic to the quotient
A ∼= C∞(Rn)/a.
LetM(A) be the spectrum of such an algebra. We denote by AU the ring of (equivalence
classes of) fractions a
s
, with a, s ∈ A and s(x) 6= 0, for every x ∈ U . Then (AU )U∈τM(A)
is a presheaf of algebras on M(A) generating a sheaf A˜ called the structural sheaf
on M(A).
Now a pair (X,O), where O is a sheaf of algebras over a topological space X, is
called a differentiable space, if every point x ∈ X has an open neighbourhood U
such that (U,OU ) is isomorphic to a pair (M(A), A˜), as above.
The sheafification of Ka¨hler’s differential provides the spectrum M(A) of any differ-
entiable algebra A with a differential triad (A˜, ∂A,ΩA), and the local coincidence of a
differentiable space (X,O) with some (M(A), A˜) provides an O-module Ω and a sheaf
morphism ∂ : O → Ω, so that (O, ∂,Ω) is a differential triad over X; for details, see
[16].
(6) Differential algebras of generalized functions. A special case of an algebra
which is a quotient of a functional algebra by a certain ideal has been defined by E. E.
Rosinger [21]: Let ∅ 6= X ⊆ Rn open. The corresponding nowhere dense differential
algebra of generalized functions on X is the quotient
And(X) := (C
∞(X,R))N/Ind(X)
where Ind(X) is the nowhere dense ideal consisting of all the sequences w = (wm)m∈N
of smooth functions wm ∈ C
∞(X,R) which satisfy an “asymptotic vanishing prop-
erty”. Then And = (And(U))U∈τX with the obvious restrictions is a presheaf of asso-
ciative, commutative, unital algebras, inducing a (fine and flabby) sheaf A on X. Next,
an A-module Ω is defined: for every U ∈ τX , Ω(U) is the free And(U)-module of rank
n, with the free generators dix1, . . . , dixn. Consequently, the elements of Ω(U) take the
form
n∑
i=1
Vi dixi,
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where Vi ∈ And(U). Finally, the differential ∂ : A → Ω is defined by the presheaf
morphism (∂U )U∈τX , with
∂U (V ) =
n∑
i=1
∂i(V ) dixi
where ∂i denotes the usual i-partial derivation. Hence a differential triad (A, ∂,Ω) is
obtained “including the largest class of singularities dealt with so far”. The algebras
consisting the present structure sheaf “contain the Schwartz distributions”, while they
also “provide global solutions for arbitrary analytic nonlinear PDEs. Moreover, unlike
the distributions, and as a matter of physical interest, these algebras can deal with the
vastly larger class of singularities which are concentrated on arbitrary closed, nowhere
dense subsets and, hence, can have an arbitrary large positive Lebesgues measure” ([12,
Abstract]).
Due to specificities of sheaf theory and the adjunction of the functors f∗ and f
∗
induced by a continuous map f , there are three equivalent ways to introduce the notion
of a morphism of differential triads (cf. [17, 18, 19]). The one in [17] is a straightfor-
ward generalization of the situation we have in the theory of manifolds, and it is the
most suitable for our purposes here. First we notice that if δX := (AX , ∂X ,ΩX) is a
differential triad over X and f : X → Y is a continuous map, then the push-out of δX
by f
f∗(δX) ≡ (f∗(AX), f∗(∂X), f∗(ΩX))
is a differential triad over Y .
2.3 Definition. Let δX = (AX , ∂X ,ΩX) and δY = (AY , ∂Y ,ΩY ) be differential triads
over the topological spaces X and Y , respectively. A morphism of differential triads
fˆ : δX → δY is a triplet fˆ = (f, fA, fΩ), where
(i) f : X → Y is continuous;
(ii) fA : AY → f∗(AX) is a unit preserving morphism of sheaves of algebras;
(iii) fΩ : ΩY → f∗(ΩX) is an fA−morphism, namely, it is a morphism of sheaves of
additive groups, satisfying
fΩ(aw) = fA(a)fΩ(w), ∀ (a,w) ∈ AY ×Y ΩY ;
(iv) The diagram
Diagram 1
AY
fA
✲ f∗(AX)
ΩY
∂Y
❄
fΩ
✲ f∗(ΩX)
f∗(∂X)
❄
is commutative.
Extending the standard terminology, we shall say that a continuous map f : X → Y
is differentiable, if it is completed into a morphism fˆ = (f, fA, fΩ). Besides, we say
that fΩ is a differential of f .
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If δX , δY , δZ are differential triads over the topological spaces X,Y,Z, respectively,
and fˆ = (f, fA, fΩ) : δX → δY , gˆ = (g, gA, gΩ) : δY → δZ are morphisms, setting
(2.2) (g ◦ f)A := g∗(fA) ◦ gA and (g ◦ f)Ω := g∗(fΩ) ◦ gΩ
we obtain a morphism
(2.3) ĝ ◦ f = (g ◦ f, (g ◦ f)A, (g ◦ f)Ω) : δX → δZ .
The differential triads, their morphisms and the composition law defined by (2.2) and
(2.3) form a category, which will be denoted by DT . Note that the identity idδ of a
differential triad δ = (A, ∂,Ω) over X is the triplet (idX , idA, idΩ).
2.4 Example. Consider the smooth manifolds X and Y provided with their smooth
differential triads δ∞X = (C
∞
X , dX ,Ω
1
X) and δ
∞
Y = (C
∞
Y , dY ,Ω
1
Y ), respectively, and let
f : X → Y be a smooth map. Then, for every V ⊆ Y open, set
C∞Y (V ) ≡ C
∞(V,C) and
f∗(C
∞
X )(V ) := C
∞
X (f
−1(V )) ≡ C∞(f−1(V ),C).
The map
(2.4) fAV : C
∞(V ) −→ C∞(f−1(V )) : α 7−→ α ◦ f
is a unit preserving algebra morphism, while the family (fAV )V is a presheaf morphism
giving rise to a unit preserving algebra sheaf morphism fA : C
∞
Y → C
∞
X . On the other
hand, the respective tangent map Tf : TX → TY defines the so–called pull–back of
the smooth 1–forms by f
(2.5) fΩV : Ω
1
Y (V ) −→ Ω
1
X(f
−1(V )) : ω 7−→ ω ◦ Tf.
Note that ω ◦ Tf is a standard notation in CDG, with
(ω ◦ Tf)x(u) = ωf(x)(Txf(u)), x ∈ X, u ∈ T
C
x X,
where TCx X is the complexification of the tangent space ofX at x and Txf stands also for
the extension of the tangent map Txf on T
C
x X. Then fΩV is an fAV−morphism and the
family (fΩV )V is a presheaf morphism yielding an fA−morphism fΩ : Ω
1
Y → f∗(Ω
1
X).
Note that, if (V, ψ) is a chart of Y with coordinates (y1, . . . , yn), and ω ∈ Ω
1
Y (V ),
then there are αi ∈ C
∞(V,C), i = 1, . . . , n, with ω =
∑n
i=1 αi · dY yi. In this case the
pull–back of ω by f is given by
(2.6) fΩV (ω) =
n∑
i=1
(αi ◦ f) · (dY yi ◦ Tf).
The commutativity of Diagram 1 is equivalent to the chain rule, therefore
(f, fA, fΩ) : δ
∞
X → δ
∞
Y
is a morphism in DT .
Clearly, if Man is the category of smooth manifolds, the functor
(2.7) F :Man→ DT ,
where F (X) is the smooth differential triad δ∞X and F (f) = (f, fA, fΩ), described in
Example 2.4, is an embedding.
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3 Existence and uniqueness of morphisms
In the above abstract approach of differentiability two problems arise:
(1) For arbitrary algebra sheaves, the existence of a morphism extending a map is
not ensured, even for very simple mappings (for instance, the constant map);
(2) likewise, the uniqueness of a morphism over a fixed f (the analogue of the
uniqueness of differentials) is not ensured.
Regarding (1), let X,Y be topological spaces provided by the differential triads δX
and δY and let c denote some fixed element in Y and c : X → Y the respective constant
map. Then, for every V ⊆ Y open, with c ∈ V ,
c∗(AX)(V ) = AX(c
−1(V )) = AX(X),
while, if c /∈ V , then c∗(AX)(V ) = ∅. Thus c∗(AX) is a sheaf over the space {c} (at
least for T1−spaces), whose (unique) stalk is the space of global sections AX(X), and
the question of differentiability of the constant map c reduces to the question of the
existence of a unit preserving algebra morphism
cA : AY,c −→ AX(X),
and, similarly, of a cA−morphism
cΩ : ΩY,c −→ ΩX(X),
making Diagram 1 commutative. Note thatAY,c,ΩY,c stand for the corresponding stalks
of AY ,ΩY at c. The existence of a non–trivial (: unit preserving) algebra morphism is
not assured, of course, in the general case.
However, we obtain the differentiability of the constant map, if the sheaf AY is
functional. In this respect, we recall that a functional algebra sheaf over Y (see [5,
Vol. I, p. 49] and [9]) we mean a sheaf of algebras which is a subsheaf of the sheaf CY
of germs of continuous C−valued functions on Y . In this respect, we have
3.1 Proposition. If δI = (AI , ∂I ,ΩI) are differential triads over the spaces I = X,Y
and AY is functional, then every constant map c : X → Y is differentiable.
Proof. Since AX has a unit, it contains the constant sheaf X × C. Thus every k ∈ C
can be considered as a global section of AX . Besides, for every a ∈ AY,c, there is an
open neighborhood V of c in Y and α ∈ AY (V ) ⊆ C(V,C), with a = [α]c. Setting
cA : AY,c −→ AX(X) : a 7−→ α(c)
we obtain a unit preserving algebra morphism.
On the other hand, cA(a) ∈ C implies ∂X ◦ cA = 0. Thus the zero morphism 0 :
ΩY,c → ΩX(X) completes the triplet (c, cA, cΩ = 0), so that Diagram 1 is commutative.
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Concerning (2), although there may be infinitely many pairs (fA, fΩ) making f
differentiable, due to the commutativity of Diagram 1, in certain cases the pairs need
to satisfy some restrictions: For instance, if the sheafification of Ka¨hler’s differential is
considered, then fA determines fΩ (see [7, Vol. II, p. 327] and [20]). More generally,
we have the following
3.2 Proposition. If (f, fA, fΩ) is a morphism in DT , then fΩ is uniquely determined
by fA on the image Im ∂Y of ∂Y .
Conversely, if ∂X vanishes only on the constant subsheaf X × C ⊆ AX , then fA is
uniquely determined by fΩ.
Proof. The former assertion is obvious. Regarding the latter, if (f, fA, fΩ) and (f, f
′
A, fΩ)
are morphisms in DT , the equality
fΩ(∂Y (a)) = f∗(∂X)(fA(a)) = f∗(∂X)(f
′
A(a))
implies
f∗(∂X)(fA(a)− f
′
A(a)) = 0.
Consequently, fA(a) − f
′
A(a) = c ∈ C, for every a ∈ AY . Since fA − f
′
A is C−linear,
fA − f
′
A = 0.
4 Morphisms over manifolds
In this section we need some concepts from the general theory of (non–normed) topo-
logical algebras (see [4]). We briefly introduce them. A topological algebra is a complex
associative algebra A, which is also a topological vector space such that the ring multi-
plication in A is separately continuous. A topological algebra A with a unit element is
called a Q−algebra if the group GA of its invertible elements is open (ibid., p. 139). The
algebra C∞[0, 1] of all smooth functions on [0, 1] is a Q−algebra [2, Example 6.23(3)]. A
topological algebra A whose topology is defined by a directed family of submultiplica-
tive seminorms is called locally m−convex. The preceding algebra is of this kind. If A is
an algebra, a non–zero complex multiplicative linear functional of A is called character
of A. If A is a commutative locally m−convex algebra with unit, we denote by M(A)
the topological spectrum or simply spectrum of A, consisting of all continuous characters
of A; the spectrum endowed with the relative weak∗ topology from the topological dual
of A, turns into a Hausdorff completely regular topological space. The spectrum of a
commutative locally m−convex Q−algebra with unit is always a compact space (ibid.,
p. 87, Lemma 1.3). Moreover, each character of a Q−algebra is continuous [4, p. 72,
Corol. 7.3].
As we have seen in Example 2.2, every smooth manifold X gives rise to a differential
triad δ∞X = (C
∞
X , dX ,Ω
1
X), while a smooth map f : X → Y between such manifolds is
completed to the morphism F (f) given in Example 2.4. But there rises the following
question: If f : X → Y is a continuous map between smooth manifolds, can it be
differentiable in the abstract setting, without being such in the classical sense?
The answer is no. This is due, on the one hand, to the fact that every character
of a Q–algebra is automatically continuous and on the other hand, to the fact that
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the continuous characters of our algebras of smooth functions are uniquely determined
by point evaluations, corresponding to the elements of the domain of the respective
smooth functions (see [2, p. 56, (4.43)], [4, p. 227, (2.6)]. This implies that all unit
preserving morphisms, whose domain is a suitable function Q−algebra have the form
(2.4), for an appropriate f between the spectra of the topological algebras involved. In
our case, for a smooth manifold Y , the algebra C∞(Y ) is a Fre´chet (i.e., metrizable and
complete) locally m−convex algebra [4, p. 131, discussion around (4.19)]. In particular,
its spectrum is homeomorphic to Y (see [2, Example 4.20(2)]). Thus, if Y is compact,
C∞(Y ) is a Q–algebra [4, p. 143, Prop. 1.1; p. 183, Corol. 1.1 and p. 187, Lemma 1.3]
and every algebra morphism h : C∞(Y )→ C∞(X) takes the form (2.4), for a suitable f
between the spectra of the above algebras, i.e., between X and Y . In the case when Y
is not compact, the nice way that sheaf morphisms localize does the trick (see Theorem
4.4, below).
Let S be a sheaf over X. For every open U ⊆ X, S(U) is the set of all sections of
S over U . If K ⊆ X is closed, we denote by S(K) the inductive limit of all S(U), with
U ⊆ X open and K ⊆ U , i.e.,
(4.1) S(K) := lim
−→
K⊆U
S(U).
Besides, if f : S → T is a sheaf morphism, we denote by
(4.2) fK := lim−→
K⊆U
fU : S(K) −→ T (K)
the inductive limit of all fU : S(U) → T (U), with U as above. If A,B are open sets
in U with B ⊆ A, by definition (rAB) and (ρ
A
B) are the restrictions of the presheaves of
sections of S and T , respectively, and
rVK : S(V ) −→ S(K), ρ
V
K : T (V ) −→ T (K)
are the canonical maps. Then the following diagram
Diagram 2
S(V )
fV
✲ T (V )
S(K)
rVK
❄
fK
✲ T (K)
ρVK
❄
commutes. That is,
(4.3) fK([α]K) = fK ◦ r
V
K(α) = ρ
V
K ◦ fV (α) = [fV (α)]K ,
for every V ⊆ X open, with K ⊆ V ⊆ U , and every α ∈ S(V ).
Suppose now thatK as before is compact. Consider the inductive system {C∞X (V )}V ,
V ⊆ X open, with K ⊆ V (where the connecting maps are the obvious ones) and put
C∞X (K) := lim−→
K⊆V
C∞X (V ).
In this regard, we have
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4.1 Proposition. Let X be a smooth manifold and let C∞X denote the sheaf of germs
of smooth C–valued functions on X. Let (U, φ) be a chart on X and K ⊆ U compact.
Then C∞X (K) is a locally m−convex Q−algebra, whose spectrum coincides with K.
Proof. Since the families {V ⊆ X open : K ⊆ V } and {V ⊆ U open : K ⊆ V } are
cofinal, we have
C∞X (K) := lim−→
K⊆V
C∞X (V ) = lim−→
K⊆V⊆U
C∞X (V ).
Every open V with K ⊆ V ⊆ U is still the domain of a chart, namely of (V, φ|V ), thus
on every C∞X (V ) one can define the family of seminorms
(4.4) Nm,C(f) := sup
|p|≤m
(
sup
x∈C
|Dp(f ◦ φ−1)(φ(x))|
)
,
for every f ∈ C∞X (V ), where C is a compact subset of V , m ∈ N ∪ {0}, |p| stands for
the length |p| = p1 + · · ·+ pn of the multi–index p = (p1, . . . , pn) and
Dp(f ◦ φ−1)(φ(x)) =
∂|p|
∂up11 · · · ∂u
pn
n
(f ◦ φ−1)
∣∣∣∣∣
φ(x)
(see [4, p. 130, (4.14)]). Topologized by the above family of seminorms, C∞X (V ) becomes
a Fre´chet locally m−convex algebra (ibid., p. 130, (4.12)). We consider the inductive
limit algebra C∞X (K) topologized by the locally m−convex inductive limit topology, that
is, the finest locally m−convex topology on C∞X (K), making all the canonical maps
rVK : C
∞
X (V )→ C
∞
X (K)
continuous (ibid., p. 120, Def. 3.1); thus C∞X (K) becomes a locally m−convex algebra.
We set
NK : C
∞
X (K) −→ C : a 7−→ N0,K(α),
where a = [α]K , with α ∈ C
∞
X (V ), for some open V in X, with K ⊆ V ⊆ U and N0,K
is given by (4.4). Then NK is a submultiplicative seminorm on C
∞
X (K), with
NK ◦ r
V
K = N0,K : C
∞
X (V ) −→ R,
for every V as above, hence the topology induced by NK on C
∞
X (K) is a locally
m−convex topology making all canonical maps rVK continuous. Consequently, it is
coarser than the locally m−convex inductive limit topology.
We prove that the topology defined by NK makes C
∞
X (K) a Q−algebra: Let a ∈
C∞X (K) be invertible and let b be its inverse. Then there are an open set V in X, with
K ⊆ V ⊆ U , and α, β ∈ C∞X (V ), such that a = [α]K , b = [β]K and α · β = 1|V . Since
α is invertible on V ⊇ K, |α| takes a least value
ε := min{|α(y)| : y ∈ K} > 0.
Then the open ball B(a, ε/2) with respect toNK is an open neighborhood of a contained
in the group GC∞
X
(K) of the invertible elements of C
∞
X (K). This makes GC∞X (K) open
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with respect to the NK−topology and, consequently, to the locally m−convex inductive
limit topology.
Regarding the spectrum of C∞X (K), we have (see [4, p. 156, Theor. 3.1] and [2,
Example 4.20(2)], for the spectrum of C∞X (V ))
M(C∞X (K)) = lim←−
K⊆V⊆U
M(C∞X (V )) = lim←−
K⊆V⊆U
V =
⋂
K⊆V⊆U
V = K,
which completes the proof.
Taking into account that every character of a Q−algebra is continuous (see discus-
sion at the beginning of this section), we obtain
4.2 Corollary. Let X be a smooth manifold and let C∞X denote the sheaf of germs of
smooth C−valued functions on X. Then, for every x ∈ X, the stalk C∞X,x topologized
with the locally m−convex inductive limit topology is a locally m−convex Q−algebra,
with
M(C∞X,x) = {x }.
As a result, C∞X,x has a unique character, which is also continuous.
If x ∈ V , the usual evaluation map at x,
evVx : C
∞
X (V ) −→ C : α 7−→ α(x)
is a continuous character of C∞X (V ) [2, p. 58], and the family (ev
V
x )V commutes with
the presheaf restrictions, hence the inductive limit map
(4.5) evx := lim−→
x∈V
evVx : C
∞
X,x −→ C
exists and it is a (continuous) character of the stalk C∞X,x. According to the preceding
corollary, it is the unique (continuous) character in M(C∞X,x). That is, we have the
following
4.3 Corollary. The unique character of C∞X,x coincides with that given by (4.5).
4.4 Theorem. Let X, Y be smooth manifolds and let f : X → Y be a continuous map.
If there is a unit preserving morphism of algebra sheaves fA : C
∞
Y → f∗(C
∞
X ), then f is
smooth and
(4.6) fAV (α) = α ◦ f,
for every V ⊆ Y open and every α ∈ C∞Y (V ).
Proof. Let x ∈ X and (U, φ) a chart of Y at f(x). Consider the stalks
C∞Y,f(x) = lim−→
f(x)∈V ⊆U
C∞Y (V ) ,
f∗(C
∞
X )f(x) = lim−→
f(x)∈V⊆U
C∞X (f
−1(V ))
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and the algebra morphism
fA,f(x) := lim−→
f(x)∈V ⊆U
fAV : C
∞
Y,f(x) −→ f∗(C
∞
X )f(x)
(cf. (4.1) and (4.2)), where (fAV : C
∞
Y (V ) → f∗(C
∞
X )(V ))V is the presheaf morphism
induced by fA (see (2.4)). We now set
evx := lim−→
f(x)∈V⊆U
evf
−1(V )
x : f∗(C
∞
X )f(x) −→ C,
where ev
f−1(V )
x : C∞X (f
−1(V ))→ C is the usual evaluation at x ∈ f−1(V ). Then evx is
an algebra morphism, therefore,
evx ◦ fA,f(x) : C
∞
Y,f(x) −→ C
is a character of C∞
Y,f(x). By virtue of Corollary 4.3, this character coincides with the
one given by
evf(x) := lim−→
f(x)∈V⊆U
evVf(x) : C
∞
Y,f(x) −→ C.
Further, if (rAB) and (ρ
A
B), A,B open in Y with B ⊆ A, are the restrictions of the
presheaves of sections of C∞Y and of f∗(C
∞
X ), respectively, by the definition of evf(x), we
have
evf(x)([α]f(x)) = evf(x) ◦ r
V
f(x)(α) = ev
V
f(x)(α) = α(f(x))
for every V ⊆ Y open with f(x) ∈ V and every α ∈ C∞Y (V ), while
(evx ◦ fA,f(x))([α]f(x)) = (evx ◦ fA,f(x))(r
V
f(x)(α))
= evx ◦ ρ
V
f(x) ◦ fAV (α) = ev
f−1(V )
x (fAV (α))
= (fAV (α))(x).
That is,
(fAV (α))(x) = α(f(x)), ∀ x ∈ X,
which proves (4.6).
Regarding the smoothness of f , it suffices to notice that, for every V ⊆ Y open and
every α ∈ C∞Y (V ), we have that
α ◦ f = fAV (α) ∈ C
∞
X (f
−1(V )),
so α ◦ f is smooth, and this completes the proof.
4.5 Theorem. Let X, Y be smooth manifolds provided with their smooth differential
triads δ∞X and δ
∞
Y . Besides, let fˆ = (f, fA, fΩ) : δ
∞
X → δ
∞
Y be a morphism in DT . Then
f is smooth in the ordinary sense and fˆ = F (f), where F is the embedding (2.7).
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Proof. By the preceding Theorem 4.4, f is smooth and the presheaf morphisms (fAV )V
are given by (2.4).
In order to prove that fΩV satisfies (2.6), it suffices to prove it for the domains of
the charts of the maximal atlas of Y , since they form a basis for its topology. Thus
let (V, ψ) be a chart with coordinates (y1, . . . , yn), and let ω =
∑n
i=1 αi · dyi ∈ Ω
1
Y (V ).
Applying the commutativity of the diagram
Diagram 3
C∞(V,C)
fAV
✲ C∞(f−1(V ),C)
Ω1Y (V )
dY V
❄
fΩV
✲ Ω1X(f
−1(V )
dXf−1(V )
❄
we obtain
fΩV (ω) = fΩV (
n∑
i=1
αi · dyi) =
n∑
i=1
fAV (αi) · fΩV (dyi)
=
n∑
i=1
(αi ◦ f) · (fΩV ◦ dY V )(yi)
=
n∑
i=1
(αi ◦ f) · (dXf−1(V ) ◦ fAV )(yi)
=
n∑
i=1
(αi ◦ f) · dXf−1(V )(yi ◦ f)
=
n∑
i=1
(αi ◦ f) · (dY V yi ◦ Tf)
which proves our assertion.
The last two results imply the following
4.6 Theorem. Man is a full subcategory of DT . In other words, when smooth mani-
folds X and Y are considered, the sets of morphisms between them in the categories
Man and DT coincide; that is,
(4.7) HomMan(X,Y ) ∼= HomDT (X,Y ).
For the term “full subcategory”, see [3, p. 15].
Final remark. As we noticed in the introduction, ADG applies in large scale phe-
nomena (i.e. general relativity) when singularities appear [8, 10, 13] as well as in
quantum mechanics [14]. It also embodies phenomena usually studied by the ordinary
CDG. Theorem 4.5 implies that ADG applied on the latter gives the same results with
CDG.
Acknowledgement. The authors wish to thank Professor A. Mallios, for helpful
comments on this work.
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